On the basis of qualitative theory of differential equations it is shown that dynamic system based on the system of Einstein -Klein -Gordon equations with regard to Friedman Universe has a stable center corresponding to zero values of scalar potential and its derivative at infinity. Thus, the cosmological model based on single massive classical scalar field in infinite future would give a flat Universe. The carried out numerical simulation of the dynamic system corresponding to the system of Einstein -KleinGordon equations showed that at great times of the evolution the invariant cosmological acceleration has a microscopic oscillating character (T ∼ 2πmt), while macroscopic value of the cosmological acceleration varies from +1 at inflation stage after which if decreases fast to −1/2 (non-relativistic stage), and then slowly tends to −1 (ultrarelativistic stage).
Basic Relations of the Cosmological Model
In this section we reproduce basic relations and concepts of the standard cosmological model(SCM), which will be required further.
Basic Relations for the Space-Flat Friedmann Model
A. Einstein in 1917 modified his gravitation theory [1] , having added the so-called cosmological term (Λ -term) to the equations of the gravitational field 1 :
In the same year de Sitter found the solution of these equations for the constant curvature space [2] :
In 1918 Einstein stated that de Sitter solution (2) has a true singularity at r = π/2R [3] . This circumstance further had led him to reject of Λ -term.
Further it turned out that de Sitter solution's singularity was caused by unfortunate choice of reference frame where light cone was not covering the entire space. In the synchronous frame of reference metrics (2) can be re-written as Friedmann metric [4] . The corresponding solution is called inflation and describes exponentially fast expansion of the Universe:
a(t) = a 0 H −1 0 cosh H 0 t; ̺(r) = sin r; k > 0; a(t) = a 0 e H0t ; ̺(r) = r; k = 0; a(t) = a 0 H −1 0 sinh H 0 t; ̺(r) = shr; k < 0,
where k is a curvature of the 3-dimensional space and
Metrics (3) can be re-written in form of metrics conformally corresponding to the space of constant curvature:
where a(η)dη = dt ⇔ t = a(η)dη ⇔ η = dt a(t) .
In the case of zero space curvature ̺ = r the Friedmann metrics (3) takes form
and the unique non-trivial Einstein equation for the flat Universe takes the following form:
The solution of this equation is:
Choosing constant η 0 so that singular (zero) value of the scale factor corresponds to η = −∞ (i.e., η 0 a 0 √ Λ = 1), we find a(η) = − 1 √ Λη , η ∈ (−∞, −0).
Using (7) let us find the relation between time variable η and physical time t. Infinitely far past corresponds to η = −∞ and infinitely far future corresponds to η = −0. Integrating equation (6) with a help of solution (11), we obtain
Thus, the history of the de Sitter Universe does not have neither beginning nor the end. Substitution of (12) into (11) exactly leads to inflation solution (4) for the space-flat Universe:
Further we agree the following standard notations for derivative functions over time variables:
The Energy-Momentum Tensor
Let us take into account a contribution of dark matter in the right side of the Einstein equations (1). Metric's symmetries with respect to rotations and transpositions of 3-dimensionless space as a result of the Einstein equations lead to identical symmetries of the energy-momentum tensor. Therefore the energy-momentum tensor of the homogenous isotropic Universe must have the structure of ideal flux'es energy-momentum tensor:
In accordance with (15) E.B.Gliner [5] interpreted the cosmological term as energy density of vacuum with the following equation of state:
As a result there remain two independent Einstein equations one of which in consequence of Bianchi identities can be replaced with the differential implication -the energy conservation law:
At given equation of state
equation (17) is always integrated in quadratures:
In particular, at linear relation between pressure and energy density (κ is called a barotropic coefficient)
the Einstein equations are integrated in elementary functions. In presence of matter the remaining Einstein equation takes the form:
Notice: The system of equations (17), (21) is invariant with respect to scale transformation
therefore scale function a(t) can be assumed equal to, for instance, 1 at arbitrary non-singular instant of physical time t. Let us also introduce two scalar functions in terms of which it is convenient to analyze the cosmological evolution: H(t) is a Hubble constant
and invariant cosmological acceleration:
Let us also notice the important relation between Ω and barotropic coefficient κ:
2 The Analysis of the Standard Model with a Scalar Field
The Equations of the Cosmological Model with a Scalar Vacuum
In the standard cosmological model of the early Universe (SCM) the classical massive scalar field Φ corresponded by following energy-momentum tensor is considered as a model of vacuum:
where m is a mass of this field's quanta. The equation of the scalar field is obtained from Bianchi identity laws
where
is D'Alembert operator. For the homogenous Universe it is Φ = Φ(t), and the scalar field's energy-momentum takes isotropic structure (15), where
so that
and field equation (27) takes the form:Φ
At the same time the unique independent Einstein equation is 2 :
Note: Let us notice that if it wasΦ = 0, then according to (29), we would get a vacuum equation of state ε + p = 0. In this case the scalar field could play a role of the effective cosmological term.
Approximation of Slow Rolling
Standard model is based on so-called approximation of slow rolling in the equations (31) and (32) (see e.g.
Thus, the approximation of slow rolling is equivalent to impose of the condition on the second derivatives of the scale factor: aä =ȧ 2 .
The relation (34) is an autonomous differential equation on the scale factor. Carrying out simplest transfor-
let us reduce it to the form: dȧ a = da a and find its solution:ȧ = Ca, where C is an arbitrary constant. Integrating this relation one more time we find the inflation solution for the scale factor:
In this case it is:
2 Further in the article we consider a model with Λ = 0. 3 Here we write out basic relations of the standard cosmological model for a case of simplest potential V (Φ) = m 2 Φ 2 Statement 1 Thus, the so-called approximation of slow rolling (33) is fully equivalent to suggestion about that the Einstein equations' solution is asymptotically inflation one:
The Solution of the System of Equation in Approximation of Slow Rolling
Now it is necessary to clarify how to obtain inflation solution (36) as an asymptotic solution of the Einstein equation (32). Direct substitution of (36) into Einstein equation (32) leads to equality:
Since the left side of the equality (39) is constant and the right side is a sum of squares of two functions, the following is a general solution of (39):
where ψ(t) is so far an arbitrary function. CalculatingΦ using differentiation of the first from the relations (40) and comparing the result with the second one, let us find:ψ = 1 → ψ = t. Substituting the obtained result into the field equation (31), we obviously come to relation H 0 /m = 0, where from we can obtain for the constant C in the relation (37) the unique possible solution strictly corresponding to the approximation of slow rolling and empty Euclidean space C = H 0 = 0, Φ = 0.
Statement 2 Thus, directly applying the approximation of slow rolling we will not achieve necessary result: strictly speaking, the approximation of slow rolling provides only trivial solution of the system of EinsteinKlein -Gordon equations:
The Small Mass Approximation
Therefore in the standard cosmological model to ensure early inflation there is normally used one more approach: the approximation of small mass of the scalar field's quanta:
In this case the following condition should fulfill:
In this approximation the equation of the scalar field (31) takes the following form
and its particular solution, leading to de Sitter vacuum is
Herewith according to (29) we obtain:
Substituting this solution into Einstein equation (32) and resolving it we find the inflation solution:
Let us call the solution (45) - (47) the standard solution of Einstein -Klein -Gordon equations in accordance with its leading part in the standard cosmological scenario. In the standard model the beginning of the Universe corresponding to cosmological singularity a = 0, lays in infinitely distant past:
Let us notice that the Einstein equation (32) in the considered model has the form:
therefore according to (47) condition (42) is equivalent to the condition:
i.e. it fulfills only for very big values of the scalar field's potential.
Let us now carry out next iteration to account massive term in the field equation (31). To do that let us substitute the inflation solution of the Einstein equation (47) into the original equation of the scalar field
and find its exact solution:
where further we will take into account the solution (42). As a result we obtain:
The first term in this solution decays fast at t → +∞, and the second term with the assumption of small values of time variable
remains approximately constant. Exactly this term ensures the model of the constant scalar field. Therefore in accordance with the more precise model of "constant" scalar field in approximation (42) we should suppose:
Using the obtained solution instead of standard one (45), let us check the fulfillment of the original condition (43) (condition (42), as we have seen, is reduced to condition (50) to the value of scalar potential):
Thus, the first of these conditions, (56), rudely contradicts the initial condition (42), and the second condition (57 contradicts elementary logic. Let us also notice that near cosmological singularity t → −∞ this term exponentially fast tends to infinity and at greater times t ≫ 3H 0 /m 2 it exponentially fast tends to zero Φ → 0. Therefore at condition (54) and at the same time H 0 t ≫ 1 we get:
Let us notice that in consequence of (42) condition (54) is much weaker than condition (43), therefore the inflation solution is true for times much greater than Compton ones for scalar bosons:
Further, let us notice that the first term in (53) near cosmological singularity tends to infinity exponentially fast and that fact itself points at instability of the solution (45).
Let us notice that since we deal with the cosmological model being described by the non-linear system of two ordinary differential equations (31) and (32), then the approximation of slow rolling (42) should spread to the entire system of these equations and not to single equation of the scalar field (31). However in this case we would have neglected the massive term in the Einstein equation i.e. instead of (32) we would get the following equation:
Then, however, the substitution of the solution (45) in this equation would giveΦ 0 = 0 → a = Const, i.w. instead of inflation we would obtain a flat Minkovsky world. Thus, the solution (45) Φ = Φ 0 is mathematically incorrect even in approximation of slow rolling. Which solution is correct in approximation of slow rolling? It is easy to find the first integral of the differential equation (44):
The solution (45) corresponds to particular choice of the constant C 1 = 0 in (61). As so often is the case in the theory of systems of non-linear ordinary differential equations, particular solutions obtained by casting out arbitrary constants turn to be instable. If we assume (61) C 1 = 0 and substitute the obtained result in the Einstein equation (32), then in the approximation of slow rolling i.e. for equation (60), immediately obtain the solution
corresponding to extremely stiff equation of state p = ε, i.e. κ = +1. The substitution of the found scale factor (62) into the first integral (61) gives the final solution of the field equation in the approximation of slow rolling [6] :
where C 2 is an arbitrary constant.
Statement 3
Thus, the standard model is founded on the incorrect solution of the Einstein -Klein -Gordon equations in the approximation of slow rolling. The correct solution of these equations in the approximation of slow rolling leads to finite beginning of the Universe with extremely stiff equation of state near cosmological singularity.
The Instability of the Standard Solution in the Approximation of Slow Rolling
Let us consider perturbations of the standard model depending on time and caused by factor of mass m 2 , which we will assume a value of the same order of smallness with perturbations δ(t) and φ(t):
where a 0 (t)
resolving which we find (for simplification of notation we assume Φ 0 > 0):
herewith we should put C 1 = 0, C 2 = 0, since we are looking for not all solutions of the wave equation but only those that disappear at m = 0. Thus:
The Einstein equation's perturbation in linear over δ approach lead to the equation:
From (29) it is seen that energy density's perturbation is quadratic over perturbations φ and m 2 . Substituting the solution (67) into equation (68), let us find with an account of (47) and (50) the equation on the scale factor's perturbation:δ = 4πΦ
and hence find:
In order inflation to develop it is necessary that H 0 t ≫ 1, thus during the inflation period relative perturbation of the scale factor becomes a big value hence standard solution is instable. This means instability of the inflation solution with respect to factor of mass. (47) is instable with respect to factor of mass: perturbations of metrics and scalar field grow till infinity in the infinite past.
Statement 4 The inflation solution of the Einstein equations (46) -

The Qualitative Analysis of the Dynamic System of the Standard Cosmological Scenario
All the above-listed contradictions being resulting consequences of application of the approximation of slow rolling to the cosmological system of Einstein -Klein -Gordon equations let us think about necessity of more detailed mathematical analysis of this system of equations without applying the approximation of slow rolling. Basically, this is not a so complex autonomous dynamic system from the standpoint of the theory of differential equations. Therefore it makes sense to carry out its analysis using methods of the qualitative theory of ordinary differential equations. In order to do that it is necessary to make all variables included in these equations dimensionless and reduce the obtained equations to normal form i.e. to the system of differential equations of the first order, resolved relative to the derivatives.
Reducing of the System of Equations to the Canonical Form
First, let us carry out scaling of the equations (31) and (32), transiting to dimensionless time variable τ
where f ′ = df /dτ . Thus, instead of equations (31) and (32) we obtain:
where h(τ ) is a Hubble constant measured in units of the Compton time:
Let us notice that equations (72) and (73) represent a system of ordinary non-linear differential equations which taking into accountȧ
and using a standard substitution can be reduced to the form of normal autonomous system of ordinary differential equations on a plane:
where function h(Φ, Z) is algebraically defined from the Einstein equation with a help of function Φ(τ ) and Z(τ ):
Thus, we finally obtain the system of autonomous differential equations on the plane (Φ, Z):
Let us rewrite this system in terms of the standard theory of dynamic systems (see e.g. [8] ):
where x = Φ; y = Z; P (x, y) = y; Q(x, y) = − √ 24π
This system of equations can be investigated using the qualitative theory of differential equations and asymptotic behavior of the solutions at t → ±∞ can be defined. The next property of the SCM is quite important one.
Statement 5
The evolution of the Universe in the SCM in terms of time variable τ does not depend on any parameters and is fully defined by initial conditions.
Therefore the results of the qualitative analysis of the SCM equations have general character.
Singular Points of the Dynamic System
Singular points of the dynamic system M 0 (x 0 , y 0 (79) are defined by zeroes of the derivatives (see e.g. [8] ):
It is not difficult to see that the dynamic system (79) has a unique singular point:
A Kind of Singular Point
To define a kind of a singular point it is necessary to find the eigenvalues of the characteristic polynomial:
where partial derivatives of functions P (x, y), Q(x, y) are calculated in a singular point M 0 . Calculating derivatives of functions P, Q (81), let us find:
Thus, the characteristically polynomial (83) is equal to:
where from we find its roots λ = ±i.
Since the eigenvalues turned to be pure imaginary ones then the single singular point (82) of the dynamic system (79) is its center (see [8] ). In such a case at τ → +∞ a phase trajectory of the dynamic system is winded round this center making an infinite number of turns.
Statement 6
Phase space f the dynamic system founded on the equation of classical scalar field (31) and the Einstein equation (32), has a single center (82), where:
Thus, in spite of widespread notion the system does not come to the mode of constant inflation but vice versa its expansion stops and the Universe becomes flat (see Fig. 1 ).
F(t)
Z(t) Z=-0.115 
Phase Planes of the Dynamic System (79)
It needs to keep in mind that time variable on all plots is τ , i.e. time measured on Compton scale. Since in consequence of statement 5 the evolution of the investigated dynamic system (79) is defined only by initial conditions let us investigate the dependency of the evolution details on initial conditions. Further, let us take an assumption that conforms with SCMΦ 0 = 0. Let us first show the results of numerical simulation of phase planes of the dynamic system (79) at great initial values of the potential Φ 0 ≥ 10. Let us recall that one of necessary conditions of validity of the approximation of slow rolling is Φ 0 ≫ 1 (58). Let us investigate the properties of the phase trajectory's in terms of plot on Fig. 1: 1. The initial stage with duration ∆τ Φ ≈ Φ 0 is on the right side of the plot; this stage is characterized by fast decrease of the derivative from 0 till "enigmatic number" −0.115. Actually there is no any enigma in this number (see equation (79)):
Actually, inflation happens at this stage. Since characteristic details of the system's phase planes that are interesting for us (79) have incomparable scales, we show fragments of phase planes on different time intervals. 
Numerical Integration of the Dynamic Equations
Evolution of the Potential and its Derivative
Phase planes of the dynamic system (79), shown on Fig. 2 -11 do not provide information about certain details of the cosmological evolution; these details only can be obtained using direct numerical integration of the original system of Einstein -Klein -Gordon equations. Let us see the results of numerical integration of these equations using Rosenbrock's method. First of all let us see the large-scale phase plane of the middle and final stages of the cosmological model's evolution, which is obtained by direct numerical integration of the system of equations (79) Then, let us see the plots of functions Φ(τ ) Z(τ ). These plots, considering their properties, should also be viewed at different scales and intervals. As is seen from the plots below the value of the potential falls virtually linearly with time on interval τ ∈ [−1000, −100] by approximate law:
By the way, this linear fall corresponds to approximate lawΦ = Const and not to Φ = Const which would correspond the case of SCM. From τ ≈ −100 linear fall of the potential stops and further the potebntial evolves in accordance with the decaying oscillations law. On the following plots the identical regimes of the potential's derivative are shown. The regime of linear fall of the potential on Fig. 13 . corresponds to the bottom of the plot Z ≈ −0.115. 
The Evolution of the Hubble Constant, Cosmological Acceleration and Scale Factor
The Hubble "constant" H(t) is connected by simple relation (74) with a ¡¡constant¿¿ h(τ ) normalized on mass of the scalar field and calculated through (78). Plots on Fig. 19 also confirm the fact that the Universe's geometry tends asymptotically to Minkovsky geometry since it is H → 0 ⇒(a) → 0 ⇒ a → Const.
In consequence of invariance of the cosmological acceleration Ω the cosmological acceleration can be calculated relative to scaling of time variable t = τ /m using formula coinciding with (24), making the following substitution in it H(t) → h(τ ): Fig. 21 shows a detailed behavior of the cosmological acceleration. Herewith it needs to be understood that significant oscillations of the invariant cosmological acceleration at τ → +∞ happen on the background of vanishingly small velocity of extension H(+∞) → 0, therefore absolute values of the velocities tend to zero.
Further, the scale factor is obtained by integration (74):
L(τ ) ≡ ln a(τ ) = hdτ. 
The Average of the Cosmological Acceleration
The fact that the invariant cosmological acceleration has an oscillating character at great times (Fig. 21) , having the period of these oscillation on the time scale τ of the order of 2π, i.e. in the ordinary time scale T ∼ 2π/m being an obviously microscopic value, leads to necessity of introduction of the average value of the invariant cosmological acceleration averaged by large enough number of oscillations i.e. by large enough interval ∆τ = N · 2π, where N ≫ 1:
Using formula (87) in (88) and carrying out elementary integration, let us find for he average cosmological acceleration the following expression:
Ω(τ, ∆τ ) = 1 + 1 ∆τ
. 
The Conclusion
What can we conclude, looking at the last figure? First of all, we see that the macroscopic cosmological acceleration breaks down on finishing the inflation stage (Ω = +1) to value Ω = − 1 2 , and then slowly tends to Ω = −1. Secondly, let us notice that the invariant cosmological acceleration is connected with the barotropic coefficient κ by means of the relation (25) where from it follows that the value Ω = 1 corresponds to value κ = −1, value Ω = −1/2 -to value κ = 0 and Ω = −1 -to value κ = 1/3. Statement 7 Thus, the cosmological dynamic system founded on the Einstein -Klein -Gordon equations possesses the following property: the macroscopic evolution of the system consist from 3 clearly defined stages: 
